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MEASURE-VALUED STOCHASTIC RECURRENCES AND THE
STABILITY OF QUEUES
P. MOYAL
Abstrat. In this paper we present a stability riterion for nite measure-
valued stohasti reursions, generalizing Loynes's Theorem to spaes of mea-
sures. This result provides onditions for the reah of a "total stationary
state" for the queue with an innity of servers and the single-server SRPT
queue. Indeed, we give in both ases a ondition of existene of a stationary
measure-valued reursive sequene haraterizing the queueing system exhaus-
tively.
1. Introdution
In this paper, we address the question of stationarity in the general ergodi frame-
work for queues, that admits a representation by a measure-valued stohastially
reursive sequene (SRS). We axamine the good topologial onditions for Loynes'
bakward reurrene sheme to handle the question of existene of a stationary ver-
sion (in the sense Loynes [2℄ puts it) for suh an SRS. After some preliminaries, we
prove that these onditions (essentially, that all inreasing sequene in some sense
onverges) are met when the spae of nite non-negative measures is endowed with
the weak topology and the "strong" partial ordering of Stoyan.
Then, Loynes' onstrution allows one to prove the "total" stability of a given
system whenever a measure valued SRS desribing it exhaustively enjoys some
kind of monotoniity. Hereafter we follow this onstrution for two queueing sys-
tems : the queue with an innity of servers and the Shortest Remaining Proessing
Time (SRPT) single server queue. Some appliations of these results, suh as weak
onvergene of the ongestion and workload sequenes of these queues (whih are
projetions of the measure-valued SRS for adequate test funtions), are given.
This paper is organized as follows. After some preliminaries in setion 2, we
state our Loynes' type theorem for measure-valued SRS in setion 3. In setion 4
we study a partiular real-valued stohasti reursion, that will be usefull in the
sequel. In setion 5 (respetively, setion 6), we study the stability of the queue
with an innity of servers (resp., of the SRPT queue) through its measure-valued
representation.
2. Preliminaries
Let M
+
f and Cb denote respetively the set of positive nite measures on R
∗
+
and the set of bounded ontinuous funtions from R to R. Equipped with the
weak topology σ
(
M
+
f , Cb
)
, M
+
f is Polish (see [1℄). Let ζ be the zero measure on
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R (i.e., suh that ζ(B) = 0 for any Borel set B on R). For any µ ∈ M+f and
any measurable f : R → R, we lassially write 〈µ, f〉 :=
∫
f dµ. We denote
C
(
M
+
f
)
, the spae of ontinuous mappings from M
+
f into itself. Let the set M
+
f
be endowed with the inreasing partial integral order  : for any two µ, ν ∈ M+f ,
µ  ν if 〈µ, f〉 ≤ 〈ν, f〉 for any measurable non-dereasing funtion f suh that
these integrals exist. Remark, that ζ  µ for any µ ∈ M+f . Let us denote for any
y ∈ R and any measurable f : R → R, τyf(.) = f(. − y)1{.>y}. Then, for any
µ ∈M+f , τyµ denotes the only element of M
+
f s.t. 〈τyµ, f〉 = 〈µ, τyf〉.
Let now M ⊂ M+f be the subset of nite ounting measures on R
∗
+. Any
µ ∈M\{ζ} reads µ =
∑µ(R∗+)
i=1 δαi(µ), where δx is the Dira measure at x ∈ R+ and
α1(µ) < α2(µ) < ... < αµ(R∗
+
)(µ). Then, τy(µ) =
∑µ(R∗+)
i=1 δαi(µ)−y1{αi(µ)>y} and for
any two µ, ν ∈ M\{ζ}, µ  ν whenever

(i) µ(R∗+) ≤ ν(R
∗
+),
(ii) for all i = 0, ..., µ(R∗+)− 1, αµ(R∗+)−i(µ) ≤ αν(R∗+)−i(ν).
Let us nally denote for any µ ∈ M\{ζ}, m(µ) = α1(µ) and M(µ) = αµ(R∗
+
)(µ),
the smallest and the largest atom of µ, respetively.
Lemma 1. Any sequene of M
+
f that is -inreasing and bounded above onverges.
Proof. Let {µn}n∈N be a -inreasing sequene of M
+
f that is bounded above
by µ ∈ M+f . Then, as easily seen the sequene of non-inreasing real funtions
{µn ([.,∞))}n∈N tends pointwise, and hene (this is Diniz Theorem), uniformly to
a non-inreasing real funtion f that is right ontinuous and has a outable number
of disontinuities. Moreover f(0) ≤ µ(R∗+) < ∞, and we an fully haraterize
a measure µ∗ ∈ M+f setting µ
∗ ((0, x)) = f(0) − f(x) for all x ∈ R∗+. In partiu-
lar, supx∈R∗
+
|µn ((0, x))− µ∗ ((0, x))| −→
n→∞
0, hene µn tends to µ∗ in total variation,
whih ompletes the proof. 
3. Stationarity of measure-valued stohasti reursions
Consider a probability spae
(
Ω,F ,P0
)
, embedded with the measurable bijetive
ow θ (denote θ−1, its measurable inverse). Suppose that P0 is stationary and
ergodi under θ, i.e. for all A ∈ F , P0
[
θ−1A
]
= P0 [A] and θA = A implies
P
0 [A] = 0 or 1. Note that aording to these axioms, all θ-ontrating event
(suh that P
0
[
Ac ∩ θ−1A
]
= 0) is θ-invariant. We denote for all n ∈ N, θn =
θ ◦ θ ◦ ... ◦ θ and θ−n = θ−1 ◦ θ−1 ◦ ... ◦ θ−1, and say that two sequenes of r.v.
ouple when there exists a P
0
-a.s. nite rank N suh that they oinide for all
n ≥ N .
Let Φ be a C(M+f )-valued r.v., κ be an M
+
f -valued random variable (r.v. for
short), and dene the following sequene of M
+
f -valued r.v..{
µκ0 = κ,
µκn = Φ ◦ θ
n (µκn) , n ∈ N.
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The existene of a stationary (i.e., ompatible with θ) version of {µκn}n∈N amounts
to that of a solution of the following equation in the spae of M
+
f -valued r.v..
(1) κ ◦ θ = Φ(κ).
We have the following result.
Theorem 1. The equation (1) admits a solution whenever Φ is a.s. -non de-
reasing and the sequene
{
µζn ◦ θ
−n
}
n∈N
is a.s. -bounded.
Proof. With Lemma 1 in hands, we an onstrut a solution to (1) following the
lassial Loynes's bakwards sheme ( [2℄, [4℄ p.107): the sequene
{
µζn ◦ θ
−n
}
n∈N
is P
0
-a.s. non dereasing and bounded, and thus onverges a.s. to the -minimal
solution of (1), whih belongs P
0
-a.s. to M
+
f . 
4. Study of a real valued stohasti reursion
Under the foregoing denitions and assumptions, let α ≥ 0, β > 0 be two
R+-valued integrable random variables (r.v. for short), and the sequenes of r.v.
{αn, βn}n∈Z = {α ◦ θ
n, β ◦ θn}n∈Z. Let Z be an a.s. nite R+ -valued r.v.. Con-
sider the following stohastially reursive sequene :
(E)
{
Y Z0 = Z,
Y Zn+1 =
[
max
{
Y Zn , αn
}
− βn
]+
for all n ∈ N.
In this setion we are interested in the existene and uniqueness of a stationary
solution
{
Y Yn
}
n∈N
to the reursion (E), in that we are looking for an a.s. nite r.v.
Y suh that for all n ∈ N
Y Yn = Y ◦ θ
n.
In partiular, Y would be a solution to the equation
(2) Y ◦ θ = [max {Y, α} − β]
+
.
We have the following:
Theorem 2. There exists an only P
0
-a.s. nite solution Y of (2), given by
(3) Y :=
[
sup
j∈N∗
(
α−j −
j∑
i=1
β−i
)]+
.
Moreover, for all P
0
-a.s. nite and nonnegative r.v. Z, the sequene
{
Y Zn
}
n∈N
ouples with {Y ◦ θn}n∈N.
Proof. Existene and niteness
Equation (2) an be handled by Loynes's onstrution ( [2℄) sine the funtional
[max {., α} − β]+◦θ−1 is P0-a.s. ontinuous and nondereasing. Loynes's sequene,
dened by
{
Y 0n ◦ θ
−n
}
n∈N
, is given for all n ≥ 1 by
Mn =
[
n
max
j=1
(
α−j −
j∑
i=1
β−i
)]+
for all n ∈ N.
Thus, a solution to (2) is given by
M∞ := lim
n→∞
Mn =
[
sup
j∈N∗
(
α−j −
j∑
i=1
β−i
)]+
,
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and for any other solution Z,
(4) P
0 [Z ≥M∞] = 1.
Furthermore, Birkho's ergodi theorem learly entails that M∞ is P
0
-a.s. nite.
Uniqueness
We have
(5) P
0 [Z ≤ α] > 0.
Indeed, if P
0 [Z = 0] > 0, there is nothing to prove. Now if P0 [Z = 0] = 0,
P
0 [Z ≤ α] = 0 entails that on a P0-almost sure event,
Z ◦ θ > 0⇔ [max {Z,α} − β]
+
> 0⇔ Z ◦ θ = max {Z,α} − β = Z − β.
We thus have
E
0 [Z ◦ θ − Z] = −E0 [β] < 0,
whih is absurd in view of the ergodi lemma ( [4℄, Lemma 2.2.1.). Thus (5) is
veried. Sine
{Z ≤ α} =
{
Z ◦ θ = [α− β]
+
}
⊆ {Z ◦ θ ≤M∞ ◦ θ} ,
(5) implies that
(6) P
0 [Z ≤M∞] = P
0 [Z ◦ θ ≤M∞ ◦ θ] > 0.
But on {Z ≤M∞},
Z ◦ θ = [max {Z,α} − β]
+
≤ [max {M∞, α} − β]
+
= M∞ ◦ θ,
whih means that the event {Z ≤M∞} is θ-ontrating. Thus, with (6),
P
0 [Z ≤M∞] = 1,
and with (4),
P
0 [Z = M∞] = 1.
Coupling
The developped form of Y 0n is given for all n ∈ N by
(7) Y 0n =

 n−1max
j=0

αj − n−1∑
i=j
βi




+
,
with the onventions max−1j=0 . = 0 and
∑−1
j=0 . = 0. Let 0 ≤ Z < ∞, P
0
-a.s..We
have for all n ∈ N
(8) Y Zn = max
{
Z −
n−1∑
i=0
βi, Y
0
n
}
,
as easily seen by indution. Indeed,
Y Z0 = Z = max {Z, 0} ,
MEASURE-VALUED STOCHASTIC RECURRENCES 5
and if (8) holds for some n ∈ N,
Y Zn+1 =

max

Z −
n−1∑
i=0
βi,
n−1
max
j=0

αj − n−1∑
i=j
βi

 , αn

− βn


+
= max
{
Z −
n∑
i=0
βi, Y
0
n+1
}
.
Thus,{
Y Zn 6= Y
0
n for all n ∈ N
}
=
{
Y Zn > Y
0
n for all n ∈ N
}
=
{
Y Zn = Z −
n−1∑
i=0
βi > 0 for all n ∈ N
}
.
But the latter event is of probability zero sine it ontradits{
lim
n→∞
1
n
(
Z −
n−1∑
i=0
βi
)
= −E0 [β] < 0
}
,
whih is P
0
-almost sure from Birkho's theorem. Hene, sine two sequenes driven
by the same reursive equation ouple from the instant when they oinide for the
rst time, there exists a random indie
τZ,0 = inf
{
k ∈ N, Y Zn = Y
0
n for all n ≥ k
}
<∞, P0-a.s..
This is true for any nite and nonnegative r.v. Z, and in partiular for Z =
Y . Thus, for all rank larger than τZ,Y := max
{
τZ,0, τY,0
}
< ∞,
{
Y Zn
}
n∈N
and{
Y Yn = Y ◦ θ
n
}
n∈N
oinide: these two sequenes ouple. 
Corollary 1. For all nite and nonnegative r.v. Z, there exists P0-a.s. an innity
of indies suh that Y Zn = 0 if and only if :
(9) P
0
[
sup
j∈N∗
(
α−j −
j∑
i=1
β−i
)
≤ 0
]
> 0,
Proof. In view of the previous oupling property,
lim
n→∞
1
n
n∑
i=1
1{Y Zi =0}
= lim
n→∞
1
n

 n∑
i=1
1{Y ◦θi=0} +
τZ,Y −1∑
i=1
1{Y Zi =0}
−
τZ,Y −1∑
i=1
1{Y ◦θi=0}


= P0 [Y = 0] , P0-a.s..
Hene
∞∑
i=1
1{Y Zi =0}
=∞, P0-a.s.⇐= P0 [Y = 0] > 0,
whih is ondition (9). Now if (9) does not hold, on a P
0
-almost sure event,
the sequene
{
Y Zn
}
n∈N
oinides after a ertain nite rank with the R+∗-valued
sequene {Y ◦ θn}n∈N , and hene never reahes 0 after this instant. This event is
θT1-invariant, and thus P-almost sure. 
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5. Funtional stability of the G/G/∞ queue
Let (Ω,F ,P, θt) be a probability spae furnished with a bijetive ow (θt)t≥0,
under whih P is stationary and ergodi. Dene on Ω the θt-ompatible simple
point proess (Nt)t≥0 of points ... < T−2 < T−1 < T0 ≤ 0 < T1 < T2 < ..., marked
by a sequene {σn}n∈Z. Also denote for all n ∈ Z, ξn = Tn+1 − Tn, and suppose
that the generi r.v. σ and ξ are integrable. Consider the G/G/∞ queue fed by
N(σ): there is an innity of servers, thus e.g., the ustomer Cn arrived at time Tn
is immediately attended and spend in the system a time equal to the duration σn of
his servie. Assume that Cn is present in the system at time t, i.e., Tn ≤ t < Tn+σn.
The remaining proessing time (i.e., time before the servie ompletion) of Cn at t
is hene given by Tn+ σn − t. The prole of the system at t is the olletion of the
remaining proessing times of all the ustomers in the system at t, and an thus be
represented by the following measure, whih P
0
-a.s. belongs to M.
µ(t) =
∑
n∈Z
δTn+σn−t1{Tn≤t<Tn+σn} =


ζ if the system is empty at t,
X(t)∑
i=1
δαi(t) if not,
where 0 < m (µ(t)) = α1(t) < α2(t) < ... < αX(t)(t) = M (µ(t)) are the remaining
servie times of the X(t) ustomers present in the system at t. Then (µ(t), t ≥ 0)
provides an exhaustive representation of the system in that it keeps trak of all
present ustomers at a given time. Note, that a diusion approximation of a saled
sequene of suh prole proesses under Poissonian assumptions is presented in [5℄.
In partiular, for any t ≥ 0, the ongestion X(t) (i.e., the number of ustomers
in the system at time t) and the workload W (t) (i.e., the quantity of work in the
system at time t, in time units) read{
X(t) = 〈µ(t), 1〉,
W (t) =
∑X(t)
i=1 αi(t)δαi(t) = 〈µ(t), I〉,
where I is the identity funtion. The proesses (µ(t), t ≥ 0), (X(t), t ≥ 0) and
(W (t), t ≥ 0) have rll paths and denoting for any t ≥ 0, µ(t−) = lims↑↑t µ(s) (and
aordingly, X(t−) and W (t−)), we have for all n ∈ Z
(10) µ(t) = τt−Tn (µ (Tn−) + δσn) , t ∈ [Tn, Tn+1) , P− a.s.
Let
(
Ω,F ,P0, θ
)
be the Palm spae of N . Denote θ := θT1 and for all n ∈ Z,
θn := θ ◦ θ ◦ ... ◦ θ. Denoting ξ := ξ0 and σ := σ0, we have for all n ∈ Z, ξn := ξ ◦ θ
n
and σn := σ ◦ θ
n. For all M+f -valued r.v. κ, denote for all n ∈ N, µ
κ
n = µ (Tn−)
provided that µκ(T0−) = κ (and aordingly, X
X
n and W
W
n for any integer-valued
r.v. X and any real-valued r.v. W ).
The problem of nding a stationary version of the proess (µ(t))t≥0 amounts
to that of nding a sequene {µκn}n∈N ompatible with the disrete ow θ, whih
amounts in turn in view of (10) to nding a P
0
-a.s. nite random variable κ of M+f
suh that
(11) κ ◦ θ = τξ (κ+ δσ) .
We have the
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Theorem 3. The equation (1) admits a nite solution, given by
µ∞ =
∞∑
i=1
δ(D−i−
P
i
j=1
ξ−j)1{D−i≥
P
i
j=1
ξ−j}.
Moreover, provided that
(12) P
0

 sup
i∈N∗

D−i − i∑
j=1
ξ−j

 ≤ 0

 > 0
holds, this solution is unique.
Proof. It is a straightforward onsequene of Birkho's ergodi theorem that
P
0 [µ∞ ∈M] = P
0

♯

i ∈ N∗, D−i −
i∑
j=1
ξ−j ≥ 0

 <∞

 > 0.
This θ-ontrating event is thus P0-almost sure. The rst statement then follows
from Theorem 1: the mapping µ 7→ τξ (µ+ δσ) is P
0
-a.s. ontinuous and non-
dereasing, and for all n ∈ N,
µζn ◦ θ
−n =
n∑
i=1
δ(σ−i−
P
i
j=1
ξ−j)1{σ−i≥
P
i
j=1
ξ−j}.
Thus µ∞ is the -smallest upper-bound of
{
µζn
}
n∈N
and hene the -minimal
solution of (11). Let now κ be a solution of (11). It is easily seen that αN(κ)(κ)
satises the stationary equation
αN(κ)(κ) ◦ θ =
[
max
{
αN(κ)(κ), σ
}
− ξ
]+
,
whih is of the type (2). Hene (Theorem 2, uniqueness result), αN(κ)(κ) =
αN(µ∞) (µ∞) . Sine µ∞ is a -minimal solution,
{κ = µ∞} ⊇ {κ = 0} =
{
αN(κ)(κ) = 0
}
=
{
αN(µ∞) (µ∞) = 0
}
,
whih has a stritly positive probability whenever (12) holds. The uniqueness is
proven in this ase sine {κ = µ∞} is θ-ontrating. 
Corollary 2. The following onvergenes in distribution hold:
(i) µ0n
L
−→ µ∞,
(ii) X0n
L
−→ µ∞
(
R
∗
+
)
,
(iii) W 0n
L
−→
∫
xdµ∞(x).
Proof. The onvergene (i) lassialy follows from Loynes's onstrution, sine for
all bounded ontinuous funtion F :M→ R:
E
0
[
F
(
µ0n
)]
= E0
[
F
(
µ0n ◦ θ
−n
)]
−→
n→∞
E
0 [F (µ∞)] .
Now, the mapping µ 7→ µ(R∗+) is ontinuous from M to R provided that µ has no
atom at 0, whih is the ase. This ontinuity argument holds for (iii) as well sine
the sequene
{
W 0n
}
n∈N
is tight. We therefore an apply the Continuous Mapping
Theorem (see [1℄), to dedue (ii) and (iii) from (i). 
8 P. MOYAL
6. The SRPT queue
Under the settings and notations of the previous setion, onsider now a G/G/1
queue fed by the input N(σ). We assume furthermore that the single server obeys
the Shortest Remaining Proessing Time (SRPT) servie disipline, i.e., it always
gives a preemptive priority to the ustomer having the least remaining servie
time. Let (ν(t), t ≥ 0) denote the prole proess of the queue, keeping trak of
the remaining servie times of the ustomers in the system at urrent time. This
proess is governed by the following dynamis: for all n ∈ Z,
(13) ν(t) = Υt−Tn (ν(Tn−) + δσn) , t ∈ [Tn, Tn+1) , P− a.s.
where for any x ∈ R∗+ and any µ ∈ M,
Υx (µ) =
µ(R∗+)∑
i=1
τn
(x−
Pi−1
k=1
αk(µ))
+
oδαi(µ),
setting
∑0
k=1 . ≡ 0. Hene there exists a stationary version of {νn}n∈N provided
that for some M-valued r.v. κ,
(14) κ ◦ θ = Υξ (κ+ δσ) .
Theorem 4. If E
0 [σ] < E0 [ξ], (14) admits a solution ν∞ ∈ M, P
0
-a.s.
Proof. Denote as above {νκn}n∈N, the prole sequene provided that ν
κ
0 = κ. The
result is a onsequene of Theorem 1 sine the mapping µ 7→ Υξ (µ+ δσ) is P
0
-a.s.
-non dereasing and ontinuous, and sine
{
νζn ◦ θ
−n
}
n∈N
is -unbounded only if
the ongestion sequene or the workload sequene initiated at 0 is ≤-unbounded,
whih is of probability 0 in view of Loynes' theorem for G/G/1 queues. 
Referenes
[1℄ P. Billingsley, Convergene of probability Measures, Wiley, New York (1968).
[2℄ R.M. Loynes The stability of queues with non-independent interarrivals and servie times,
Proeedings of the Cambridge Philosophial Soiety, 58 (1962), 497520.
[3℄ P. Moyal Stationarity of Pure Delay Systems and queues with impatient ustomers via Sto-
hasti Reursions, Preprint Arxiv math.PR/0603709 (2006).
[4℄ F. Baelli and P. Brémaud Elements of Queueing Theory, 2nd ed., Springer (2002).
[5℄ L. Dereusefond and P. Moyal A Funtional Central Limit Theorem for the M/GI/∞ queue,
Preprint Arxiv math.PR/0608256 (2006).
Ceremade, Université Paris Dauphine, Paris, 75016, FRANCE
E-mail address: Pasal.Moyaleremade.dauphine.fr
